
Recreational Math and Science
In the Classrooms and Beyond
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 Recreational Problems (Puzzlers?) usually involve:

Truth tellers and Liars

Violent Deaths

Counterfeit Coins 

Prisoners

Parties and handshakes

Buckets of water

Wine, Villagers, Games, etc.
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This talk is not particularly structured…

Binary-System Puzzles

Geometric Tasks

Probability Paradoxes

Etc.



Powers of Two, Three, Ten…



Guess-A-Number Games

Useful proxies to explain binary search, 
information encoding, etc.



Throw away portions of an interval, 
one-third at a time, forever.



The CANtor Set
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the construction

and so on...



The set we're interested in is 
the limit of this process. 
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deleted is called the Cantor set . 



The set of points that remain after 
all these "middle thirds" have been 

deleted is called the Cantor set . 

(Georg Cantor, 1845-1918)



It's probably not at all clear that any 
points remain but, as we'll see, there 
are tons of points in the Cantor set!



In spite of the fact that it's hard to 
visualize the Cantor set, it's not hard 
to understand why it must be a very 

big set.
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Also:
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So     is the limit of the      ‘s.� �n



To see that we haven't just given an 
elaborate definition for an empty set, 
let's recall again (a portion of) our 

initial construction, this time labeling 
the endpoints.
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Since we always remove points from the middle of an interval, 
notice that the endpoints 0 and 1 remain after the first "deletion". 
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Both 0 and 1 remain after the second and third deletions, too. In 
fact, they remain after every subsequent deletion. 
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Thus, the limiting set  contains
 at least the two endpoints 0 and 1.
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But now we just apply the same reasoning to the points 1/3 and 
2/3. Notice that they, too, remain in our set after any deletion. 
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The same is true of 1/9, 2/9, 7/9, and 8/9...



In short, the Cantor Set will necessarily contain the 
endpoints of any "discarded middle thirds" 

intervals; namely,

0, 1, 1/3, 2/3, 1/9, 2/9, 7/9, 8/9, ...



Thus the Cantor Set consists of 
an infinite number of points!



In fact: The Cantor Set consists of 
an uncountably infinite 

number of points!



To prove this, we set up a correspondence, or 
"matching", between the points in the Cantor set  

and the points in the interval [0,1]. 

In order to do this, we'll take a fresh look at our 
construction.
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In order to reach a given point in the Cantor Set , 
we would follow a "path" down this stairstep, 

choosing left or right at each step, always careful to 
choose a subinterval of our current "step". 



In order to reach a given point in the Cantor Set , 
we would follow a "path" down this stairstep, 

choosing left or right at each step, always careful to 
choose a subinterval of our current "step". 

You're not allowed to jump across a gap in the current step; 

you just step down, choosing either the left or right third 

of the current step.
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Any given sequence of choices

LRLLRRRLLLRRR...,
necessarily determines a single point in the Cantor 

Set, since the corresponding interval "steps" are 
nested and their lengths decrease to 0. 

In other words, the left and right endpoints of our 
sequence of "steps" will converge to a common value.



Conversely, each point in the Cantor Set        
uniquely determines the path, or sequence of L's 

and R's, that leads to it. Indeed, given a point in the 
Cantor Set, at the "bottom" of our stairstep, there 
can be but one sequence of interval "steps" that 

contain it. 



But what's so special about L's and R's? 

Nothing really. Let’s use 0’s and 1’s instead of 

L’s and R’s. 



But now... a sequence of 0’s and 1’s

011010001110010...
looks just like a binary decimal

0.011010001110010... (base 2).



Now each point in [0,1] has a binary decimal 
expansion and, conversely, each binary decimal 

represents some point in [0,1]. 



Now each point in [0,1] has a binary decimal 
expansion and, conversely, each binary decimal 

represents some point in [0,1]. 

Thus, we have a correspondence between the points 
in the Cantor set  and the points in the interval 

[0,1].



We have just shown that 
the Cantor set is

“BIG”.



Now we’ll show it is “small”!



Let’s compute the total length of all the 
intervals in the Cantor Set.



We will do this by first computing 
the length of the intervals we removed.



We start with the interval [0,1] and, in the first 
step, we remove 1 interval of length 1/3; in the 

second step, we remove 2 more intervals of length 
1/9; in the third step we remove 4 more intervals of 

length 1/27; and so on. 
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This is a geometric series, and the sum is easy to find.
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Thus, the total length of all the intervals 
we removed from [0,1] in the 

construction of the Cantor set equals 1 - 
the same as the length of the interval we 

started with! 

In other words, we removed everything!?



We know that the Cantor set is a "big" set 
- after all, it has the same "size" as [0,1] 

itself, at least in one sense...



...and yet it must also be a "small" set, 
since it's the result of removing a set of 

"length 1" from [0,1].



The dilemma, if you will, centers 
around the fact that we've employed 

two different notions of "size". 



Evidently, "total length" and "cardinality" 
are not equivalent notions of size:

 a set can be very small in the first sense 
while being very large in the second!



Neal L. Carothers

Department of Mathematics and Statistics
Bowling Green State University

based on an article by

http://personal.bgsu.edu/~carother/cantor/Cantor1.html



Guess-A-Polynomial
…useful when guessing numbers gets old :)
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p(x) = a0 + a1x + a2x2 + … + anxn

Can you find the coefficients, 
if they are all from the set {1,2,…,k}?

p is a n-degree polynomial with  
integer coefficients.

There is a blackbox that  
can evaluate p at any point.

You can use the blackbox just once. 



p(x) = a0 + a1x + a2x2 + … + anxn

If you don’t know anything about the 
coefficients, how many times do 
you ned to invoke the blackbox?

p is a n-degree polynomial with  
integer coefficients.

There is a blackbox that  
can evaluate p at any point.



Fold-Cut Theorem
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Probability Puzzles



The Missing Boarding Pass





1



2 1



2 31



2 4 31



2 4 5 31



6 2 4 5 31



6 2 74 5 31 8 9



6 2 74 5 31 8 9

What’s the probability that the last 
person finds his own seat?



Surprising Applications  
of 

Elementary Techniques



If every two people at a party  
have an odd number of common friends  

show that 
the total number of people at the party is odd.

Parity Party



Boy Born on a Tuesday

Mr. Jones has two children.  
The older child is a girl.  
What is the probability that both children are girls?
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Boy Born on a Tuesday

Mr. Smith has two children. 
At least one of them is a boy born on a Tuesday. 
What is the probability that both children are boys?



Boy Born on a Tuesday

Sample space - ???

Mr. Smith has two children. 
At least one of them is a boy born on a Tuesday. 
What is the probability that both children are boys?



Mr. and Mrs. Singh invite four couples to a party.

A Party Puzzle

Mr. Singh observes that other than him, 
everyone shook hands a different number 
of times.

How many times did Mrs. Singh shake hands?



If a family of subsets of a set with n elements 
is such that: 

every set has odd size, and 
every two sets have an even intersection, 

then you cannot have more than n sets.

Parity Linear Algebra



You have two ropes that burn in one hour 
(not necessarily at an uniform rate). 
Can you measure 45 minutes? 

What about doing it with one rope?

Burning Ropes



Resources



Numerous Websites

https://www.microsoft.com/en-us/research/people/leino/ 

(Just Google for “Microsoft Leino”.)

http://www.cartalk.com

http://www.trueshelf.com

https://www.microsoft.com/en-us/research/people/leino/
https://www.cartalk.com
http://www.trueshelf.com


Youtube Channels

Numberphile

Arvind Gupta Toys

IITGN - The CLI Playlist :)

Ted-Ed



Call for Participation

Creative Learning Initiative
A Course on Fun with Math


