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Members of odd town want to form as many clubs as possible.

Every club should be distinct and  
have an odd number of members. 

Between any two clubs, the number  
of common members is even.
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The size of X is now at most the dimension of Y.
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a1 f1 + a2 f2 + … + ai fi + … + akfk = 0

Multiply throughout by fi to obtain:

a1 f1 fi + a2 f2 fi + … + ai fi fi + … + akfk fi = 0

ai = 0
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Each to his own: can form n “singleton” clubs.

Members of odd town want to form as many clubs as possible.

Every club should be distinct and  
have an odd number of members. 

Between any two clubs, the number  
of common members is even.

The best we can hope for!
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There is no gossip network 
 of size more than d.
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allows all of Y and none of X\Y. 
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While abiding by the rules,  
how many clubs can we have?

(no gossip networks of size more than d)

Simply indulge every subset of  
size at most d in a club of its own!
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Vectors corresponding to clubs. 

Claim: Linearly independent if there are no 
gossip networks of size more than d.

Suppose not.





There are coefficients aX (not all zero) 
such that:



There are coefficients aX (not all zero) 
such that:

aX = 

�

X�F



aX = 

�

X�F



aX = 

�

X�F

For any set Z, define:



aX = 

�

X�F

�(Z) =
�

X�F;Z�X

aX

For any set Z, define:



aX = 

�

X�F

�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.

= aX

�

X�F

aX

�

X�F
+



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.

= aX

�

X�F

aX

�

X�F
+

X disallows ZX allows Z



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.

= aX

�

X�F

aX

�

X�F
+

X disallows ZX allows Z



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.

In other words: if σ(Z) = 0, then |Z| > d.



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.

In other words: if σ(Z) = 0, then |Z| > d.

Let Y be the smallest-sized set for which σ(Y) ≠ 0.



�(Z) =
�

X�F;Z�X

aX

For any set Z, define:

If |Z| < d+1, then σ(Z) = 0.

In other words: if σ(Z) = 0, then |Z| > d.

Will show: Y is a gossip network.

Let Y be the smallest-sized set for which σ(Y) ≠ 0.
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A gossip network is more commonly known as 
a shattered set.

Specifically: If X is a gossip network in a family F, 
then X is said to be shattered by F.

We have just seen that any family of more than Sd sets 
must shatter a set of size (d+1).

The size of a largest set shattered by a family F 
is known as the VC-Dimension of F.



A collection X 
for whose size  
we would like  

an upper bound.

A linear space Y 
where objects of X correspond  

to linearly independent 
vectors.

The size of X is now at most the dimension of Y.



Thank You!


