LINEAR ALGEBRA METHODS
IN
COMBINATORICS

Based on Gowers’s Blog Post:
https://gowers.wordpress.com/2008/07/3 | /dimension-arguments-in-combinatorics/



https://gowers.wordpress.com/2008/07/31/dimension-arguments-in-combinatorics/
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n people : n/2 couples : 2("?) clubs

Every club should be distinct and
have an even number of members.

Between any two clubs, the number
of common members is even.

Members of eventown want to form as many clubs as possible.
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Inhabitants of oddtown keep themselves busy with clubs.

Club formation, however, is subject to some regulations.

Every club should be distinct and
have an odd number of members.

Between any two clubs, the number
of common members is even.

Members of odd town want to form as many clubs as possible.
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Each to his own: can form n “singleton” clubs.

Can we do better?

Every club should be distinct and
have an odd number of members.

Between any two clubs, the number
of common members is even.

Members of odd town want to form as many clubs as possible.
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A

Each to his own: can form n “singleton” clubs.

The best we can hope for!

Every club should be distinct and
have an odd number of members.

Between any two clubs, the number
of common members is even.

Members of odd town want to form as many clubs as possible.
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Inhabitants of gossiptown keep themselves busy with clubs.

Club formation, however, is subject to some regulations.

There is no gossip network
of size more than d.

Members of gossiptown want to form as many clubs as possible.



A

A set of people X form a gossip networR if:
for any subset Y of X, there is a club that
allows all of Y and none of X|Y.
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(no gossip networks of size more than d)

While abiding by the rules,
how many clubs can we have?

Simply indulge every subset of
size at most d in a club of its own!
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{fabcde}
{fabcd}{abce}{abde}{acde}{bcde}

{cde}{bde}{bce}{bcd}{ade}
{facel{acd}{abe}{abd}{abc}

{ab}{ac}{ad}{ae}{bc}
{bd} {be}{cd}{ce} {de}

{a} {b} {c} {d} {e}
b
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[up to subsets of size at most d.]
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0s to O/1 vectors, as before,

s lie in S¢-dimensional space.

-—0—0—0—0—0—0—0—0—0—0—0—0—0—0-
*—0—0—0—0—0—0—0—0—0—0—0—0
—0—0—0—0—0—0—0—0@
*—0—0—0—0—0—0
*—0—0—0—0
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is one on subsets of X, and zero everywhere else.

That is, for an index Y,
ox(Y) = 1 iff Y is a subset of X.



The vector corresponding to a club X, say gx,
is one on subsets of X, and zero everywhere else.

That is, for an index Y,
ox(Y) = 1 iff Y is a subset of X.

*——0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0
-—0—0—0—0—0—0—0—0—0—0—0—0—0—0-
*—0—0—0—0—0—0—0—0—0—0—0—0
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Vectors corresponding to clubs.

Claim: Linearly independent if there are no
gossip networks of size more than d.



YYVYYYY

Vectors corresponding to clubs.

Claim: Linearly independent if there are no
gossip networks of size more than d.

Suppose not.
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For any set Z, define:

o(Z) = Z ax

XeF;LCX
If |Z| < d+1, then 0(Z) = 0.
In other words: if 0(Z) =0, then |Z]| > d.

Let Y be the smallest-sized set for which o(Y) # 0.

Will show: Y is a gossip network.
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[Let Y be the smallest-sized set for which o (Y) # 0.]

Have to show: for any subset Z of Y, there is a club X
such that X allows Z and does not allow (Y\Z).
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[Let Y be the smallest-sized set for which o (Y) # 0.]

Have to show: for any subset Z of Y, there is a club X
such that X allows Z and does not allow (Y\Z).
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[Let Y be the smallest-sized set for which o (Y) # 0.]

Have to show: for any subset Z of Y, there is a club X
such that X allows Z and does not allow (Y\Z).

Z Clx#o

XeF:L=XNY
D ax— ) ax — ) ax 4+ ) o
XeF.;ZCX XeF:ZU{a}CX XeF.ZU{b}CX XeFYCX

Special case: Z =Y {a,b}
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Have to show: for any subset Z of Y, there is a club X
such that X allows Z and does not allow (Y\Z).
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[Let Y be the smallest-sized set for which o (Y) # 0.]

Have to show: for any subset Z of Y, there is a club X
such that X allows Z and does not allow (Y\Z).

> ax = ) {(1)W\Z > Clx}

XeF:Z=XNY ZCWCY XEFWCX
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A gossip network is more commonly Rnown as
a shattered set.

Specifically: If X is a gossip network in a family F,
then X is said to be shattered by F.

We have just seen that any family of more than Sq sets
must shatter a set of size (d+1).

The size of a largest set shattered by a family F
is known as the VC-Dimension of F.



The size of X is now at most the dimension of Y.

A collection X A linear space Y
for whose size where objects of X correspond
we would like to linearly independent

an upper bound. vectors.
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