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Consider the following nightmare from high school algebra homework:
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Evaluate:

+10x3

o 2X5y2

atx = (74 91) and y = (24 — 51).



Simplification is a good idea.



Simplification is a good idea.
When you cannot simplify, your problem might be declared irreducible.



Simplification is a good idea.
When you cannot simplify, your problem might be declared irreducible.

We want to think about coming up with a definition for the notion of a
good simplification procedure.



A simplification procedure is powerful if it works...



A simplification procedure is powerful if it works...

...all the time — on any input, however complicated.



A simplification procedure is efficient if it beats...



A simplification procedure is efficient if it beats...

...a brute-force approach hands-down — the faster, the better.



A simplification procedure is good if it is
powerful and efficient.




Are there problems for which we can devise provably good
simplification procedures?



Notice that if there are problems with good simplification procedures,
then such simplifications would be in great demand. Imagine solving all
your algebra homework quickly, every single time!



Notice that if there are problems with good simplification procedures,
then such simplifications would be in great demand. Imagine solving all
your algebra homework quickly, every single time!

The performance guarantees make the simplification really special.



Are there problems for which we provably cannot devise good
simplification procedures?



Notice that showing such a negative result entails demonstrating some
“inherent hardness” of the problem, because of which no simplification
procedure can offer a performance guarantee.



What does it mean to “simplify”?



The natural idea of simplification is “to reduce”.
p



The natural idea of simplification is “to reduce”.

Make it smaller.



The natural idea of simplification is “to reduce”.
p

Make it smaller.

Let’s try to formalize this.



Let us use n to denote the “size” of the problem.



Let us use n to denote the “size” of the problem.

Clearly, it is n that we wish to make smaller.



Pm/mseﬂ/ Deﬁn[f[on #1



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size n’ < n.



Theorem
A NP-complete problem cannot be simplified unless P = NP.



Theorem
A NP-complete problem cannot be simplified unless P = NP.

Proof.
Let X be an instance of a NP-complete problem, and suppose it admits a
simplification routine.

X—X1— - — X

In polynomial time, we have simplified too severely — we have solved
the problem! This gives us P = NP. O



Prolnosea/ Deﬁm’ﬁbn #2



Demanding that we reduce the instance with every run of the
simplification: unreasonable.



Demanding that we reduce the instance with every run of the
simplification: unreasonable.

Let us try demanding that a simplification process reduces #nzil some
point, after which we might obtain something that cannot be reduced
further.



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size n’ < .



A simplification routine should:
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* take as input a problem instance of size n, and

* return an equivalent instance of size 100.



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size 100.

Does this work?



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size 100.

NO.



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size p .



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size f(p).



A simplification routine should:

* run in polynomial time,
* take as input a problem instance of size n, and

* return an equivalent instance of size f(p).



There are 25 people at a professor’s party.
The professor would like to locate a group of six people who are popular.
i.e, everyone is a friend of at least one of the six.
Being a busy man, he asks two of his students to find such a group.
25

The first grimaces and starts making a list of ( ¢ ) possibilities.

The second knows that no one in the party has more than three friends’.

!Academicians tend to be lonely.
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There is a graph on n vertices.
Is there a dominating set of size at most k?
(Every vertex is a neighbor of at least one of the k vertices.)
The problem is NP—complete,
25
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There is a graph on n vertices.

Is there a dominating set of size at most k?

(Every vertex is a neighbor of at least one of the k vertices.)

The problem is NP—complete,

but is trivial on “large” graphs of bounded degree,

The second knows that no one in the party has more than three friends.

!Academicians tend to be lonely.



There is a graph on n vertices.

Is there a dominating set of size at most k?

(Every vertex is a neighbor of at least one of the k vertices.)

The problem is NP—complete,

but is trivial on “large” graphs of bounded degree,

as you can say NO whenever n > kb.



Notation

We denote a parameterized problem as a pair (Q, k) consisting of a clas-
sical problem Q C {0, 1}* and a parameterization « : {0, 1}* — N.



Problem Simplification

involves pruning down

a large input

into an equivalent,

significantly smaller object,

quickly.
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Problem Simplification

is a function f : {0, 1}* x N — {0, 1}* x N, such that

forall (x,k), |x| =n

f(x),k’ € Liff (x,k) € L,

and f is polytime computable.



A kernelization procedure

is a function f : {0, 1}* x N — {0, 1}* x N, such that
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A kernelization procedure
is a function f : {0, 1}* x N — {0, 1}* x N, such that
forall (x,k), |x| =n

Kernel
(f(x),k’) € Liff (x,k) € L,

and f is polytime computable.



A kernelization procedure

is a function f : {0, 1}* x N — {0, 1}* x N, such that

forall (x,k), |x| =n

f(x), k" € Liff (x,k) € L,

Size of the Kernel

and f is polytime computable.



Theorem

Having a kernelization procedure implies, and is implied by,
parameterized tractability.



Theorem

Having a kernelization procedure implies, and is implied by,
parameterized tractability.

Definition

A parameterized problem L is fixed-parameter tractable if there exists an
algorithm that decides in f (k) - n9) time whether (x,k) € L, where
n = [x], k :== k(x), and f is a computable function that does not depend
onn.



Theorem

A problem admits a kernel if, and only if,
it is fixed—parameter tractable.

Definition

A parameterized problem L is fixed-parameter tractable if there exists an
algorithm that decides in f (k) - n9() time whether (x,k) € L, where
n =[x, k := k(x), and f is a computable function that does not depend
onn.



Theorem

A problem admits a kernel if, and only if,
it is fixed—parameter tractable.

Given a kernel, a FPT algorithm is immediate (even brute—force on the
kernel will lead to such an algorithm).



Theorem

A problem admits a kernel if, and only if,
it is fixed—parameter tractable.

On the other hand, a FPT runtime of f(k)-n® gives us a f(k)—sized kernel.

We run the algorithm for n¢* steps and either have a trivial kernel if the
algorithm stops, else:
nctl < f(k)-n



Theorem

A problem admits a kernel if, and only if,
it is fixed—parameter tractable.

On the other hand, a FPT runtime of f(k)-n® gives us a f(k)—sized kernel.

We run the algorithm for n°* steps and either have a trivial kernel if the
algorithm stops, else:
n < f(k)



“Efficient” Kernelization

What is a reasonable notion of efficiency for kernelization?



“Efficient” Kernelization

What is a reasonable notion of efficiency for kernelization?
The smaller, the better.



“Efficient” Kernelization

What is a reasonable notion of efficiency for kernelization?
The smaller, the better.
In particular,

Polynomial-sized kernels < Exponential-sized Kernels

better than



The problem of finding Dominating Set of size k on graphs where the
degree is bounded by b, parameterized by k, has a linear kernel. This is an
example of a polynomial-sized kernel.



Examples of Paéfnomzkz/ Kernels



Vertex Cover

independent set




Vertex Cover

Input: A graph G = (V, E) and an integer k.




Vertex Cover

Input: A graph G = (V, E) and an integer k.

Question: Does there exist a subset S of at most k vertices such that:

for every edge (u, V), eitheru € Sorv € S?




Vertex Cover

Input: A graph G = (V, E) and an integer k.

Question: Does there exist a subset S of at most k vertices such that:

for every edge (u, V), eitheru € Sorv € S?

Parameter: k




Vertex Cover

Let us simplify!




Vertex Cover

A vertex v of degree more than K is a part of any vertex cover of size at
most k.




Vertex Cover

A vertex v of degree more than K is a part of any vertex cover of size at
most k.

There is always a vertex cover that does not pick isolated vertices.




Vertex Cover

A vertex v of degree more than K is a part of any vertex cover of size at
most k.

There is always a vertex cover that does not pick isolated vertices.

A graph with more than k? edges, without isolated vertices and vertices
of high degree, has no vertex cover of size at most k.




3 -H[h‘ilfzj Set

Input: A set U and a family F of subsets of U, size three each.




3 -H[h‘ilfzj Set

Input: A set U and a family F of subsets of U, size three each.

Question: Does there exist a subset S of U, of size at most k, such that:

for every set X € F, XN S # (2




3 -H[h‘ilfzj Set

Input: A set U and a family F of subsets of U, size three each.

Question: Does there exist a subset S of U, of size at most k, such that:

for every set X € F, XN S # (2

Parameter: k




3 -H[h‘ilfzj Set
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3 -H[h‘ilfzj Set

. ST
IHPUt-{ ,b,X},{X, }>{ »1»11»113.»% }y{zv )C}

Solution: {a,s,r} “hits” every set.




3 -H[h‘ilfzj Set

. ST
IHPUt-{ ,b,X},{X, }>{ »1»11»113.»% }y{zv )C}

Solution: {a,s,r} “hits” every set.

Observation: No hitting set of size two.




3 -H[h‘ilfzj Set

Exercise: Is there an O(k?) kernel? An O(k?) kernel?




Connected Vertex Cover

Input: A graph G = (V, E) and an integer k.
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Input: A graph G = (V, E) and an integer k.

Question: Does there exist a subset S of at most k vertices such that:

for every edge (u,Vv), eitheru e Sorv e S, ?

Parameter: k




Connected Vertex Cover

Exercise: Is there an O(k?) kernel? An O(k®) kernel?




Feedback Vertex Set
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Input: A graph G = (V, E) and an integer k.




Feedback Vertex Set

Input: A graph G = (V, E) and an integer k.

Question: Does there exist a subset S of at most k vertices such that:

G[V '\ S] is a forest?




Feedback Vertex Set

Input: A graph G = (V, E) and an integer k.

Question: Does there exist a subset S of at most k vertices such that:

G[V '\ S] is a forest?

Parameter: k




Feedback Vertex Set

Notice that in this problem, we are looking to Az cycles.




Feedback Vertex Set

Notice that in this problem, we are looking to Az cycles.

Since cycles never involve vertices of degree zero or one, such vertices do

not participate in an optimal FVS.




Feedback Vertex Set

Notice that in this problem, we are looking to Az cycles.

Since cycles never involve vertices of degree zero or one, such vertices do
not participate in an optimal FVS.

The immediate simplification is to remove isolated (degree o) and

pendant (degree 1) vertices.




Feedback Vertex Set

What about vertices of degree two?




Feedback Vertex Set

What about vertices of degree two?

These are also simple to handle...




Feedback Vertex Set

O




Feedback Vertex Set




Feedback Vertex Set

Notice that we now have a graph whose minimum
degree is at least three.




Feedback Vertex Set

Notice that we now have a graph whose minimum
degree is at least three.

What about vertices of high degree?




Feedback Vertex Set

Recall that we were lucky with high degree vertices for
vertex cover.




Feedback Vertex Set

Recall that we were lucky with high degree vertices for
vertex cover.

Let’s be optimistic and assume that we will get lucky
again...




Feedback Vertex Set

So suppose X is a procedure for simplifying vertices of
degree more than s.




Feedback Vertex Set

So suppose X is a procedure for simplifying vertices of
degree more than s.

What can we say about a graph that is simplified to the extent of being

degree at least three, and not having vertices of degree more than s?




Feedback Vertex Set

1.5n < #afedjes
Minimum dqgrce three...

Fvs




Feedback Vertex Set

1.5n < #ofcz{ges <sk+E4+n—-k-1)

FVs




Feedback Vertex Set

L.5n < #ofedges < sk + k24 (n — k — 1)
n<2(sk+(k—1)+k?)
FVS




Feedback Vertex Set

Now we simply have to target high-degree vertices, and
try to discover the procedure X that we assumed before.




Consider a bipartite graph one of whose parts (say B) is at least twice as
big as the other (call this A).



Assume that there are no isolated vertices in B.



Suppose, further, that for every subset S in A,



N(S)

Suppose, further, that for every subset S in A, N(S) is at least twice as
large as [S|.



Then there exist two matchings saturating A,



Then there exist two matchings saturating A,



Then there exist two matchings saturating A,
and disjoint in B.



Claim:

If N(A) > 2|A|, then there exists a subset S of A such that:

there 2 matchings saturating the subset S
that are vertex-disjoint in B.



Claim:

If N(A) > 2|Al, then there exists a subset S of A such that:

there 2 matchings saturating the subset S
that are vertex-disjoint in B.



Claim:

If |B| > 2|A|, then there exists a subset S of A such that:

there 2 matchings saturating the subset S
that are vertex-disjoint in B,

provided B does not have any isolated vertices.



If N(S) > 2|S| for all subsets S, then
there are 2 matchings,
vertex-disjoint in B, saturating A.



If N(S) > 2IS| for all subsets S, then
there are 2 matchings,

vertex-disjoint in B, saturating A.

In this case, S = A and we are done.



IEN(S) > 2] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2|S|.

vertex-disjoint in B, saturating A.



IFN(S) > 2|S] for all subsets S, then Else: there exists a subset S for
there are 2 marchings, which N(S) is smaller than 2|S|.

vertex-disjoint in B, saturating A. Throw it away.



IFN(S) > 2|S] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2|S|.

vertex-disjoint in B, saturating A. Throw it away.

Delete the vertices of S and the edges incident on it,



IFN(S) > 2|S] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2|S].

vertex-disjoint in B, saturating A. Throw it away.

and remove any isolated vertices created in B.



IFN(S) > 2|S] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2[S].

vertex-disjoint in B, saturating A. Throw it away.



IFN(S) > 2|S] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2|S|.

vertex-disjoint in B, saturating A. Throw it away.
In the graph that is left, [B] is still

larger than 2|Al.



IEN(S) > 2|S| for all subsets S, then Else: there exists a subset S for

there are 2 marchings, which N(S) is smaller than 2|S|.
vertex-disjoint in B, saturating A. Throw it away.
In the graph that is left, |B| is still
larger than 2|Al.

N(S) < 28



IEN(S) > 2|S| for all subsets S, then Else: there exists a subset S for

there are 2 marchings, which N(S) is smaller than 2|S|.
vertex-disjoint in B, saturating A. Throw it away.
In the graph that is left, |B| is still
larger than 2|Al.

—N(S) > —2[§]



IEN(S) > 2|S| for all subsets S, then Else: there exists a subset S for

there are 2 marchings, which N(S) is smaller than 2|S|.
vertex-disjoint in B, saturating A. Throw it away.
In the graph that is left, |B| is still
larger than 2|Al.

BI=N(S)= 2|A] = 2[5



IEN(S) > 2|S| for all subsets S, then Else: there exists a subset S for

there are 2 marchings, which N(S) is smaller than 2|S|.
vertex-disjoint in B, saturating A. Throw it away.
In the graph that is left, |B| is still
larger than 2|Al.

Bl = N(S)= 2|A] — 2[5



IEN(S) > 2|S| for all subsets S, then Else: there exists a subset S for

there are 2 marchings, which N(S) is smaller than 2|S|.
vertex-disjoint in B, saturating A. Throw it away.
In the graph that is left, |B| is still
larger than 2|Al.

[BI—N(S) > 2(|Al = [S])



IEN(S) > 2] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2|S|.

vertex-disjoint in B, saturating A. Throw it away.
Done: by repetition.

[BI—N(S) > 2(|Al = [S])



IFN(S) > 2|S] for all subsets S, then Else: there exists a subset S for
there are 2 matchings, which N(S) is smaller than 2[S].

vertex-disjoint in B, saturating A. Throw it away.
Done: by repetition.
(And you’ll never clear everything
out, because |B| is consistently
more than 2|A|.)

Bl —N(S) = 2(|A| - IS])



Ingredients



a high-degree vertex, v




a small hitting set,
sans v

a high-degree vertex, v



Given a high-degree vertex v, finding a small hitting set that does not
contain v.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

A subset whose removal makes the graph acyclic.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

A polynomial function of k.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

At least twice the size of the hitting set.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

Find an approximate hitting set S.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

If S does not contain v, we are done.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

Else: v € S. Delete S \ v from G.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

The only remaining cycles pass through v.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

Find an optimal cut set for paths from N(v) to N(v).



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

Why is this cut set small enough?



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

When is this cut set small enough?



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

When is this cut set small enough?

When the largest collection of vertex disjoint paths from N(v) to N(v) is
small.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

When is this cut set small enough?

When the largest collection of vertex disjoint paths from N(v) to N(v) is
not small...



Given a high-degree vertex v, finding a small hitting set that does not

contain v.
When is this cut set small enough?

When the largest collection of vertex disjoint paths from N(v) to N(v) is
not small... we get a reduction rule.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

When is this cut set small enough?

More than k vertex-disjoint paths from N(v) to N(v)
— v belongs to any hitting set of size at most k.



Given a high-degree vertex v, finding a small hitting set that does not
contain v.

So ecither v “forced”, or we have hitting set of suitable size.
Notice that we arrive at either situation in polynomial time.



hitting set that excludes v
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forest

hitting set that excludes v



‘e

forest

hitting set that excludes v
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forest

hitting set that excludes v
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hitting set that excludes v



i by 2-expansion
lemma: forest

hitting set that excludes v



: by 2-expansion
lemma:

hitting set that excludes v



: by 2-expansion
lemma: forest

hitting set that excludes v



hitting set that excludes v



The Forward Direction



The Forward Direction

FVS<kinG=FVS<kinH



If G has a FVS that either contains v or all of S, we are in good shape.



Consider now a FVS that:
* Does not contain v,

e and omits at least one vertex of S.












Notice that this does not lead to a larger FVS:




Notice that this does not lead to a larger FVS:

For every vertex v in S that a FVS of G leaves out,



Notice that this does not lead to a larger FVS:

For every vertex v in S that a FVS of G leaves out,

it must pick a vertex u that kills no more than all of S.



The Reverse Direction



The Reverse Direction

FVS<kinG & FVS<kinH



hitting set that excludes v



The Only Danger

Cycles that:

* pass through v,
* non-neighbors of v in H!

* and do not pass through S.

neighbors in G, however







SO
~~~~~




Feedback Vertex Set

Having worked out the details, it turns out that vertices
whose degree is more than 8k can be handled, so this

leads to an O(k?) kernel.




Demonstrating non-existence of
Poéfnom[a/ Kernels




Consider a number of instances of the boolean satisfiability problem:
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Consider a number of instances of the boolean satisfiability problem:
Let’s say all instances are of size n
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Can we come up with a short formula \ that is equivalent to:
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Polynomial in n, and independent of t
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Consider a number of instances of the boolean satisfiability problem:

Let’s say all instances are of size n

(d)hp)) (d)Z)P)a (¢3»P)» ) (d)t)p)

Can we come up with a shest formula \ that is equivalent to:

(¢1,p) VvV (d2,p)V  (d3,p)V ... V(G P)

If we can write a long formula 1: we cannot simplify it, because:

It turns out that: a short 1 cannot be obtained in polynomial time.
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A composition algorithm A for a problem is designed to act as a fast
Boolean OR of multiple problem-instances.

It receives as input a sequence of instances.
X = (x1,...,%x¢) with x; € {0, 1}* for i € [t], such that
ki=ky=---=kg=k

It produces as output a yes-instance with a small parameter if and only if
at least one of the instances in the sequences is also a yes-instance.

k! = kO(])

Running time polynomial in Z;¢ /x4
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Theorem. Let (P, k) be a compositional parameterized problem such that
P is NP-complete. If P has a polynomial kernel, then P also has a
distillation algorithm.
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We say that there is a polynomial parameter transformation from P to Q if
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Transformations
Let (P, k) and (Q,y) be parameterized problems.

We say that there is a polynomial parameter transformation from P to Q if
there exists a polynomial time computable function f : {0, 1}* — {0, 1}*,
and a polynomial p : N — N, such that, if f(x) =y, we have:

x € Pifand only ify € Q,
and

Y(y) < plk(x))




Theorem: Suppose P is NP-complete, and Q € NP. If f is a polynomial
time and parameter transformation from P to Q and Q has a polynomial
kernel, then P has a polynomial kernel.




Theorem: Suppose P is NP-complete, and Q € NP. If f is a polynomial
time and parameter transformation from P to Q and Q has a polynomial
kernel, then P has a polynomial kernel.

X

Instance of P Ze R

NP—completeness

PPT Reduction

Reduction

f(x) =y

o e
Tnstance of Q Kernelization (y)




Recall

A composition for a parameterized language (Q, k) is required to
“merge” instances

X1y X2yeeey Xty

into a single instance x in polynomial time, such that k(x) is polynomial
in k := k(x4) for any 1i.

The output of the algorithm belongs to(Q, k(x))
if, and only if
there exists at least one i € [t] for which x; € (Q, k).
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Given a CNF formula ¢,

Is there a satisfying assignment of weight at most k?

Parameter: b+k.
When the length of the longest clause is bounded by b,
there is an easy branching algorithm with runtime O(b* - p(n)).
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Input: g, x2,. .., xt.

K(ay) =b+ k.

N = maXiecmn] i

Ift > b¥, then solve every o; individually.

Total time<t-t-p(n)

If not, t < b* — this gives us a bound on the number of instances.




Level 1

(B1 V)AL A(Bn V bo) (B Vbo) AL A (Bl V Do)

This is the scene at the leaves, where the ;s are the clauses in «; for
some 1 and the BJ’ s are clauses of o4 1.




Level j

N

(B1VDO)A...A(Bn V) B/ VB)A...A(BL VD)




(B1 \/b)_/\(Bz\/b)_/\.../\(Bn\/b)_/\
(Bi VB A(BS VB A... A (Bl VD)

B1VD)A...A(Bn VD) B VBA...A(BL VD)

Take the conjunction of the formulas stored at the child nodes.




(B1 VOV AB2VOV D) AL A (Bn VbV b;)A
BIVBVB)ABLVDBVB)ALLLA(BLVDV D)

O\

B1VOA...A(Br VD) BIVB)A...A(BL VD)

if the parent is a “left child”.




(B1VOVD)AB2VBVE)A...A (B VDV B)A
(B/VBVD)ABLVBEVD)A...A(BL VDV )

O\

B1VD)A...A(Bn VD) B VBA...A(BL VD)

if the parent is a “right child”.




adding a suffix to “control the weight”

>

(Co \/ﬁo)
(1 Vbq)

Co \/bo)/\
C1 \/b1 )/\

—_—

(€ V bi) Afci VA

A\
A\
A\
A\

€1 Vb)) Aler—1 Vbiog)




Claim

The composed instance o has a satisfying assignment of weight 2k

—

at least one of the input instances admit a satisfying assignment of
weight k.




Proof of Correctness

../\(O(\/(bo\/b1 \{Bz))/\

...O(\/bAo\/b1\/Bz...
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Disjoint Factors

Let Ly be the alphabet consisting of the letters {1,2,...,k}.

A factor of a word Wy - - - Wy € LY is a substring wy - - - wj € Ly, with
1 <1< j < v, which starts and ends with the same letter.

123235443513

Disjoint factors do not overlap in the word.
Does the word have all the k factors, mutually disjoint?
Parameter: k
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A X! O(n) algorithm is immediate.
A 2¥ . p(n) algorithm can be obtained by Dynamic Programming.

Let t be the number of instances input to the composition algorithm.
Again, the non-trivial case is when t < 2¥.

Let wy, w3, ..., Wy be words over Lj.




Leaf Nodes

boW] bo boWzbo




Level j.

bjbj_1ubj_1vbj_1b)-

b]',ﬂibj,] bj,ﬂlbj,]




Claim

The composed word has all the 2k disjoint factors

—

at least one of the input instances has all the k disjoint factors.




Proof of Correctness

bzb] bo‘pbo qb0b1 boTboSbob] bzb] boWboXbob] boybozb0b1 bz
bzb] bo‘pbo qbob1 boT‘boSbob] bz bzb] boWboXbob] boybolbob1 bz
b1bo‘pboqbob] b1boTboSbob1 b]boWboXbob] b]bo‘pybozbob]

bopbo boqbo boTbo bosbo boWbo boXbo boybo

Input words: p, q,1,s, W, X, Y, z.



Proof of Correctness

bzb] bopboqbob1 boT‘boSbob] bzb] boWboXbob] boybolbob1 bz
bB2BiboPBoGBobIBOFBOSEObIBE  b2b1bowboxbobiboybozbobiba
bibopboqboby BIBETEESEEEY b1bowboxbob  bibopybozboby

bopbo Bogbo B6FE BoSBE bowbo boxbo  boybo

Input words: p, q,T,s, W, X, Y, z.



Proof of Correctness

b2b1bopboqbobiberbosbobibabybewbaxbobibeybozbebba
BIBYBEPEEGaBEBIBoTEESEEIEY  b2bibowboxbobiboyboezbobi b,
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Input words: p, q,T,s, W, X, Y, z.



Proof of Correctness

b2b1bopbogqbobibeTbosbobibabybowboxbobibeybozbeb by
BIBYBEPEEGaBEBIBoTEESEEIEY  b2bibowboxbobiboyboezbobi b,
bIbsPboGboEY (BIBGTEESEEBY b1 bowboxbob:  BHBGPYBEZEEET
bopbo  bogbo  botbo  bosby  buivbe  boxbo  boybo

Input words: p, q,T,s, W, X, Y, z.
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Input: G = (V,E)
Question: Are there k vertex—disjoint cycles?
Parameter: k.

Related problems:
FVS, has a O(k?) kernel.
Edge-Disjoint Cycles, has a O(k? log” k) kernel.




In contrast, Disjoint Factors transforms into Vertex—Disjoint Cycles in
polynomial time.




w = 1123343422

Disjoint Factors <ppt Disjoint Cycles
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(Advanced techniques for the design of composition algorithms.)
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Dealing with “hardness” of polynomial kernelization.

(Many poly kernels, approximative kernels, randomized kernels, etc.)
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For the many problems whose kernelization complexity is unkown,
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For the many problems whose kernelization complexity is unkown,
prove positive or negative results.

(Odd Cycle Traversal, Feedback Vertex Set on Directed Graphs)

STORIES FOR ANGCTHER DAY



Discover implications of the AND conjecture, and other ways of
showing lower bounds.

STORIES FOR ANOCTHER DAY



FIN




